We compare experiments and direct numerical simulations to evaluate the accuracy of the Stokesdrag model, which is used widely in studies of inertial particles in turbulence. We focus on statistics at the dissipation scale and on extreme values of relative particle velocities for moderately inertial particles (St < 1). The probability distributions of relative velocities in the simulations were qualitatively similar to those in the experiments. The agreement improved with increasing Stokes number and decreasing relative velocity. Simulations underestimated the probability of extreme events, which suggests that the Stokes drag model misses important dynamics. Nevertheless, the scaling behavior of the extreme events in both the experiments and the simulations can be captured by the same multi-fractal model.
response time (ρ p and ρ f are the particle and the fluid densities, respectively, a the particle radius and ν the fluid kinematic viscosity). In order of increasing R λ for the flows studied, the large (small) droplets have Stokes number of values 0.19 (0.02), 0.31 (0.04) and 0.51 (0.06). The motion of the droplets are measured by an imaging of their shadows projected by white light sources into two cameras fitted with macro lenses, at a frame-rate of 15kHz (> 30/τ η ) and a spatial resolution of 3 µm/pixel (< η/50). The three-dimensional positions of the droplets are determined by stereoscopic Lagrangian Particle Tracking. 14 The DNS are performed by using a pseudo-spectral 15 parallel solver for the fluid velocity u obtained from the incompressible Navier-Stokes equation. Turbulence was sustained in a statistically stationary regime by holding constant the energy content of the lowest Fourier modes. 16 We use 512 3 grid points with ν = 1.5 × 10 −4 (corresponding to R λ = 180) to approximately match the Reynolds numbers of the experiments. The droplets are approximated by individual point particles whose trajectories X(t) solve the Stokes equationẌ
where the dots designate time derivatives and g the acceleration of gravity. The fluid velocity at each particle position is obtained by cubic interpolation from the grid points. As described above, the pointparticle approach (1) is expected to be valid when the particle size is much smaller than η and its Reynolds number is much less than unity. Furthermore, the particles in this model do not modify or perturb the flow, which may be valid when their volume fraction is small. Of fundamental importance to the problem of turbulence-induced collisions between particles are the statistics of the longitudinal component of their relative velocity v when the particles are close to each other. In Fig. 1 we show the probability density function (PDF) of v between two particles, conditioned on different values, r, of their separation. The plots are organized into four Stokes number groups: St = 0.05, 0.2, 0.3 and 0.5. We note that in some groups the experimental and simulated Stokes numbers differ by a small amount (i.e., for the St = 0.05 group the experimental St was 0.04 and for the St = 0.2 group the experimental and DNS values were 0.19 and 0.24 respectively). There is general agreement in the trends and shapes of the distributions. For example, all the distributions can be approximated by stretched-exponentials whose concavity grows more pronounced with increasing St and decreasing r. This is qualitatively consistent with what is known about the velocity distributions of fluid particles, which grow more stretched with decreasing scale. 17 It is relevant to note that Ref. 18 predicts compressed exponential distributions for very large Stokes numbers. The distributions we measure are stretched rather than compressed, and the implication is that the large St limit taken in the theory does not accurately describe the intermediate St dynamics studied here.
Both experiments and DNS show an increase in the amplitude of the left tail with St, manifest in an increased skewness. This signifies that particles with larger inertia approached one another more violently on average than lower inertia particles. This observation is consistent with the sling effect, where inertial particles fly towards each other with relative velocities much higher than that of the background fluid, as has been observed in Ref. 6 . The faster approach should enhance their collision rate. The increased skewness of the distributions for the cases of higher inertia seen in the inset of Fig. 1c can be rationalized as the effect of damping, by viscous drag, of the relative velocities of particles in a sling event. As is clear in the inset, the advection dominated cores of the PDF do not change with St while the tails grow wider with increasing St, which makes the distributions more concave than that of fluid tracers. This observation is consistence with the existence of a velocity scale that separates the fluid-advection-dominated core of the PDFs from the inertia-dominated tails. Such a velocity scale is likely ∼ r/τ p in the light of the analysis in a previous work 6 . Quantitatively, we found the differences between experiments and simulations to be less than about 15% in the core of the distributions. Similarly, we found excellent agreement in the tails of the distributions, but only for the largest Stokes number (St = 0.5), the smallest scale (r < 2 η), and for the left side of the distributions corresponding to approaching particle pairs. In other cases, the experimental tails of the PDFs increasingly deviate from the simulated ones as one moves to higher relative velocities. The discrepancy is larger in the right tails, corresponding to separating pairs, where in the worst case the experimental data is about 5 times above the simulated data. In the left tails, the discrepancy is less severe, but worsens with decreasing St, so that the largest discrepancy is a factor of two.
In the case of St = 0.5 ( Fig. 1d) , the discrepancy in the right tails seems at first glance to contradict the good agreement observed for the left tails. Here, effects beyond linear Stokes drag maybe at play (e.g., the Basset history force, the added mass and nonlinear drag forces). For example, there is some indication in recent numerical simulations that the history force plays a important role under some conditions.
11 In any case, we could not find a clear explanation for the discrepancies, despite considering several possibilities including measurement uncertainty. To capture its influence, we characterized the measurement noise and added it to the DNS data. This however resulted only in a negligible widening of the tails of the distributions (the r.m.s. of the noise was in the data about 10% of v ). We also evaluated the accuracy of the method used to estimate ε, in the experiment by applying the same method to the DNS data i.e., by using [v ] 2 = ε r 2 /(15ν) for r < 5η and on particles of St = 0.05). This resulted in very good agreement (within 5%) with the direct measure of ε in DNS, and so gave strong support to the ε reported in the experiment. We ruled out the possibility of a Reynolds number effect by comparing DNS data at increasing Reynolds numbers (with resolution up to 2048 3 grid points, corresponding to R λ = 460). This exercise also addressed, partially, the possibility of small-scale turbulence statistics being non-universal and thus different in the DNS and in the experiment. We also explored the possibility of inaccuracy of ν in the experiment by reprocessing the experimental data with a modified ν (±30%) and found no clear improvement. The droplets' Reynolds numbers (u η a/ν) were of the order of 0.1 on average, so that the effect of non-linear drag on the droplets were typically negligible. We note that given the conditions of our experiment, and specifically since a/η was of the order of 0.1, the history force term stands next to the Stokes drag in the hierarchy of importance amongst the various forces on the droplets. 19 In summary, the influences of nonlinear forces, hydrodynamic interactions, and non-universal turbulence statistics merit further study.
To address the problem of droplet collision-coalescence in clouds, one needs to characterize droplet relative velocities at contact, which is typically of the order of 100 times smaller than η. To that end, it is important to understand how droplet relative velocities scale with vanishing r. Figure 2 (a) presents the PDF of v conditioned on different values of r for St = 0.5. We find that both the experimental and DNS data collapse at large negative values of v when the PDF is rescaled by r β with β ≈ 2.1. Similar analysis for the case of St = 0.3 is shown in Figure 2(b) . Such collapse indicates that the distribution of violent approaching velocities takes the form p(v | r) r β(St) φ(v ) at sufficiently small separations and large velocities. This behavior is expected to extend down to separations of the order of the particle size and hence should describe the distribution of violent impact velocities between particles. It is straightforward to show analytically 20 that the exponent β corresponds exactly to the saturated value ξ ∞ of the scaling exponents of the structure functions of particle relative velocities in the limit of large order 21 (i.e., |v | p | r ∝ r ξ∞ for all sufficiently large p). The collapse to a scale-independent form occurs for large velocity differences, namely |v | r/τ p . This condition corresponds to a traveling time over a distance r that is much shorter than the particle response time, so that damping is negligible. Under these conditions particle pairs move ballistically, which is related to the sling effect. We turn our attention to the scaling exponents, ξ p , of the relative velocity statistics, whose values for asymptotically large p we reported above. By analyzing the relative dynamics of heavy particles in deltacorrelated random flows, Gustavsson and Mehlig 22 argued that the distribution of scaling exponents is bi-fractal, i.e., Thence in the limit of small r/η, the core of the PDF of v inherits the scaling of the fluid tracers, namely p(v |r) ∼ r −1 ψ(v /r), with a sharp transition at |v | ∝ r/τ p to a scaling in the tails of the form p(v |r) ∼ r ξ∞ Φ(v ) which we discussed above. As illustrated in Figs. 3a and b, this is a special case of multifractal statistics, which are ubiquitous in turbulence. 25 For the problem of droplet collisions in clouds, which depends on the first moments of the relative particle velocity and pertains to the moderate St studied here, distinguishing between the two possibilities is of consequence, since this is where the difference between the two is most significant.
Our data are consistent with the bifractal picture given above for both asymptotically large and small v , as shown in the main plot of Fig. 2 for the scaling of the tail and in the inset for the scaling of the core. However, the behavior in the transition range (|v | ≈ r/τ p ) differentiates a bifractal from a multifractal, and the sharpness of the transition is hard to judge from this figure. Hence we take a different approach as shown below.
Multifractal analysis emerged in the context of strange attractors 26 and of the anomalous scaling observed for inertial-range statistics in turbulence. 25 Typical methods rely on box-counting, or equivalently on evaluating moments and scaling exponents. 27 In the specific case of inertial-particle velocity differences in the dissipation range, measuring the scaling exponents ξ p as a function of p is particularly difficult as it relies on fitting data to power-laws at scales where statistics deteriorate. For that reason, we use here the interpretation of multifractal statistics in terms of the theory of large deviations. 28 We assume a continuum of local scaling exponents h = ln |v /v |/ ln(r/ ), where is a typical length of convergence to the scaling regime and v the associated velocity. In the asymptotics r , the probability density of h reads p(h | r) ∼ (r/ ) S(h) , where S(h) is the rate function (furthermore, S(h) = 3 − D(h), where D(h) is the multifractal spectrum, that is the dimension of the set of points where v ∼ r h ). The scaling exponents trivially relate to the rate function by a Legendre transform ξ p = inf h [ph + S(h)]. The typical behaviors of ξ p and S(h) are sketched in Fig. 3a and b. For tracers, dissipation-range velocity differences are given by v = r ∂ r u, where ∂ r u is the longitudinal fluid velocity gradient. This leads to ξ p = p and S(h) = h − 1 for h ≥ 1, and S(h) = ∞ otherwise. In the case of bifractal statistics, ξ p = min(p, ξ ∞ ) and S(h) = h − 1 for h ≥ 1, and S(h) is a concave function for h < 1. On the other hand, multifractal statistics are such that they do not display a sharp transition at any p or h and S(h) is a convex function close to its minimum. Distinguishing between bifractal and multifractal statistics can thus be recast as an investigation into whether S(h) is convex or concave close to its minimum.
The measurement of h and of S(h) requires some attention because their definitions include the undetermined scales and v . Particular definitions of and v do not alter the values of h and S(h) in the limit r → 0, but we cannot reach this limit in practice. The explicit dependence of S(h) on and v can be eliminated by using the formula ln[p(h | r 2 )/p(h | r 1 )]/ ln(r 2 /r 1 ). There is however no such stratagem to make h independent of and v . A given choice, say and u , leads to a measurement of the scaling exponent h = ln |v /v |/ ln(r/ ) that for any finite r differs from reference choices of and v by h = h + [h ln( / ) + ln(v /v )]/ ln(r/ ). Thus, we must choose definitions for and u .
The main panel of Fig. 3c shows S(h ) obtained from our experiments and DNS for = 10η and u = u η , and with r going from 5η to η. The y-axis intercept for the case of r η, albeit noisy, gives roughly the value deduced from Fig. 2 , namely ξ ∞ ≈ 2.1. The location of the minimum shifts towards (1, 0) as r decreases. The vertical displacement is partly due to the normalization factor present in p(h | r), which itself involves some r dependence, 29 and can be compensated by subtracting from S(h ) the value S min = S(h min ) of its minimum. The origin of the horizontal displacement can be twofold: it is either due to finite-r deviations from the limiting form of S(h) or to a mismatch in the definition of h due to our arbitrary choice of and v . The DNS data were consistent with h min 1 + C/ ln(r/ ), giving a strong support to the second scenario.
In order to probe the limiting form of S close to its minimum at vanishing r, we show in the inset of Fig. 3c the rate functions S(h) from the DNS with their minima translated to (0, 0), for r 0.15η to 1.05η. The excellent collapse of these curves around their minima suggests that they have reached their final limiting form at r < ∼ η. The frozen curvature around the minimum, for about a decade in r, indicates that S(h) is convex and thus supports the view that the statistics are multi-fractal, and not bifractal.
To summarize, we evaluated the accuracy of the Stokes drag model for the advection of inertial particles in turbulent flow by comparing the results from DNS with experimental measurements. Focussing on large (longitudinal) relative velocities, we found that DNS reproduced all qualitative trends of the experiments. Furthermore, accurate quantitative agreements were found for inertia-dominated regimes (St = 0.5, v < ∼ −r/τ p ). Discrepancies up to a factor of 5 were found for regimes less influenced by particle inertia (that is, for separating particles or for small St). Further analysis did not support trivial explanations for such discrepancies, which implies that the discrepancies could have been caused either by corrections to the Stokes drag model, such as the Basset history force or hydrodynamic interactions between particles, or by small-scale non-universality of the turbulence (DNS and experiment have different large scale energy injection schemes). Where the data agree, they consistently show that for inertial particles and at dissipative scales of turbulence, the tails of the probability density function of v scale as a power law of r. This is consistent with the saturation of the scaling exponents of the moments of velocities differences found in previous studies. Furthermore, the frozen convexity of the rate function, S(h), at small r is consistent with multi-fractal statistics of velocities differences.
Several questions remain open. We observed that the functional form of the velocity difference PDF (stretched-exponential like) itself depends on the value of the Stokes number. At the moment, the only theoretical predictions pertain to the limit of large Stokes numbers and rely on Gaussian statistics of turbulent velocity differences at large scales.
18 Such arguments do not straightforwardly extend to moderate values of the Stokes numbers for which the contribution of inertial-range and dissipative-scale statistics cannot be neglected. For that reason, we expect the intermittency of turbulent velocity statistics to play an important role, leading to non-trivial Reynolds number dependencies of particle relative velocity and collision statistics. These questions will be addressed in future work.
